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ABSTRACT

The power transmission and reflection coefficients ere derived for electro-
magnetic waves propagating through a plasma slab having a parabolic electron
distribution. The analysis considers transverse electromagnetic waves (TE
Mode) impinging on a plasma slab at arbitrary angles of incidence. The
solutions are in terms of complex hypergeometric functions and their deriva-
tives. Numerical results for the transmission and reflection coefficients
are plotted as functions of peak plasma frequency, peak collision frequency,
signal frequency, slab thickness, and angle of incidence. The results of
this study can hbe applied to transmission of electromagnetic energy through
laboratory plasmas that are bounded by walls. Numerical results are in
agreement with experimental results for a rectangular glow discherge plasma.
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SECTION I

INTRODUCTION

The propagation characteristics of electromagnetic waves traversing a
bounded homogeneous plasma at various angles of incidences are well known and
relatively simple to calculate. However, in most cases (laboratory plasmas,
plasma sheaths surrounding reentry vehicles, etc.), the electron density
distribution of the plasma must be considered. Many laboratory plasmas, created
by such devices as glow discharges, R-F generators, and arc discharges, have
electron densities that can be approximated by a parabolic distribution
(references 2, 8, 9). Results of recent experiments using a plasma hollow-
cathode glow discharge tube indicate that a parabolic electron density

distribution is a good approximation to the plasma profile (reference 4).

In this present study an investigation s made of the transmission
characteristics of transverse electromagnetic waves propagating through a
plasma slab having a parabolic electron distribution. Fere, the normal
incidence parabolic case considered by Bewer (reference 3) is extended to
include arbitrary angles of incidence. Several errors were detected in Bower's
study which made kis results for the power transmission and reflection

coefficients incorrect.




SECTION I1

PLASMA PROPERTIES

In studying the interaction between electromagnetic waves and plasmas,
only the effects of the free ele:trone in the plasma need be considered.
The mass of the electrons is much smeller than that of the positive ions;
therefore, the electrons oescillate about their equilibrium position at a much
higher frequency than the ions. When this frequency 1is in the neighborhood
of the electromagnetic signal frequency, the electrons interact with the
elsctromagnatic wave and absorb some of the propagating energy. Therefore,
the electrical properti<s of the plasma, as "seen" by the eiectromagnetic

wvave, are primarily a function of the free electrons in the plasma,

The electrical properties of a plasma slab can be described by a dielectric
constant and an electrical conductivity, These are functions of the plasma
frequency, The free electrons in a plesma are in a state of constant agitation
and each electron oscillates about its equilibrium position. The frequency

of the electron oscillation is calied the plasma frequency and is defined as

1/2
N, (y)e?
wp(y) - -—E;E——- radians/second (1)

where

4
]

electron deusity ‘electrons/cm3)

m
L]

permittivity of free space

mass of an electron

2
[ ]

e = charge of «n electran

When the values for the various physical constants are inserted into Equation

(1), the plasma frequency is given by

1/2
mp(y) = [3.18 x 10° Nn(y)] radians/second (2)

2
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As the electrons oscillate, many of them wiil undergo collisions with neutral
particles., The average number 0f collisions per unit time is definad as the
coliision frequency (vc). The collision frequency is 2 function of the
electron collision cross sections of the various constituents of the plasma

and their densities. The collision frequency is given by
v = ;'Z N,Q, collisions/second (3)
c { i¥1

where
V= average electron velocity
Ni = density of each i constituent
Qi = electron collision cross section of the i constituent (m2)

In this work, the collision frequency is assumed to be constant throughout the
plasma slab. Albini and John (reference 1) have shown that the assumption of

a constant collision frequency introduces very small errcrs when the electron
density variation is large compared to the variaticn in collision frequency.

For a reentry plasma sheath, the electron density can vary from zern at the
boundaries to 10!3 electrons/cm® and higher in the boundary layer. The collision
frequency, however, will usually vary only by a factor of 100, In a hollow
cathode glow discharge, the electron density can vary by a factor of 101!

across the plasma with only a small variation in the collision frequency

distribution (reference 2?).

The conductivity and permittivity of a plasma can be written in terms of

the plasma frequency, signal frequency, &nd collision frequency as, respectively,

mz(y)eo

o(y) = -3 (5:3;—5 (4)
[o

er(y) = e - S0 (5)

Equ?ttons (4) and (5) can be separated into real and imaginary parts to give

2 . 2
Eo Vc wp(y) €0 ¥ wp(y)

o) =~ ry vz 3 wrT e
c c

(4a)

e
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and
4

w2 (y) e v wi(s)
ex(y) =€ |1 - P mE o
= w2 + v 2 w(w2+v2)
c c
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SECTION III

ELECTROMAGHETIC WAVES IN A BLASMA

Maxwell's equsticns for a time-hatmonic electromagnetic wave of radian

frequency w in an isotropic piasma are given by

VE = 0 (6)
VeH = 0 (7
UxE = -jm_uoi (8)
UxH = (0 + jwe)E 9)

The wave equation can be derived by taking the curl of Equation (8), inserting
the result into Equation (9), and using Equation (6). The wave equation for

the electric field in a plasma is

VZE + wlu e [E- -3 ﬂz)—]f = 0 (10)
cole WE
o o
Equation (10) can be written as
— K o
VZE + k2 =~E = 0 (11)
o¢
o
where
k = w/ec
1
c =

sr_u)_=[1_1m]
Yowe

€
0 o]

However, the index of refraction of a plasma medium is equal to the square root

of its dielectric constant (reference 7). Therefore, Equation (11) becomes

V2T 4+ k2 n2(y) E=0 (12)

s ararye
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vhere

n(y) = E%SIIA, index of refraction
0
Assume thet an electromagnetic wave impinges upcn an inhomogeneous plasma
slab as shown in figure 1. Only the TE mocde, for which the electric field is
perpendicular to the plane of incidence, will be considered. The angle BT at
which the transmitted wave exits the plasma and the angle 6, of the reflected
wave will be the same as the angle eT of the incident wave. However, the exit
point will not be in line with the ircident signal since refraction occurs in

the plasma (reference 7).

INCIDENT z  (® OUTOF PAGE

WAVE

2 €,

REFLECTED TRANSMITTED
WAVE , T Hy  WAVE
y=C¢ 'y, 2y,=d

Figure 1. Geometry of Wave-Plasma Interaction

The wav> equation can now be written as

ain(y,z) azEx(y,z)

3y2 T T 22

+ kgnz(y)Ex(y,z) =0 (13)

The Maxwell equations relating the curl of E with H, Equation (8), are

bEx
jwuon = + Ty (14)
and
BEx
jquHy = (15)

— e e o 245 A A 28 WA~
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A soluticn to Equation (13) by the method of separation of variables (see

Appendix I) is

jkozsinﬁ

Ex(y,z) = Fx(y)e {16)

where Fx(y) satisfies the 2quation

2
d Fx(y)

5zt kg [nz(y) S smze] F (y) =0 a7

The effective dielectric constant can be rearranged by first dividing Equation i

(4a) by we
N’ ]’
22 [
o} c w W
e T T T o
1+[—c] 1+[—-"-]
w W
The index of refraction n(y) can now be written as
DT w1 '
1
N 2 I |
n2(y) = 4Ly LB J 4y e B 2 Qg
o v w v {
1+ | = 14 | =
Let
['w(y)'l
p
A
and
2
2] |
<
a = 1 — - 1 s+ 1 w > |
v
1-35 1+[E] 1+[—£] J |
w w |
! |
then § |
n2(y) = 1 - aul(y) (20) é
7 §
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Equation (17) can nww be written as

d?r_(y)
d;2 + k2 [cos?6 - su(x)] £ (y) = 0 (21)

The persbolic electron distribution shown in figure 2 can be represeated by
the <quation

P )

Y ?

: u(y) = U, - 557 (33,) (22)
o

S

vhera

U(y)

s sl

Figure 2. Parabolic Electron Density Distribution

Now, let

A= kg(cosze = aqm)
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. aUm
B = -k
03,7
and
<@
n=y-y,
Equation (21) becomes
d2F_(y) ,
dy? + (A + Bn )Fx(Y) =0 (23)

PV




AFL-TR-66-70

SECTION 1V

SOLUTION TO THE WAVE EQUATION

The task of this section is to solve Equation (23). which can be solved
by using a power ser.es technique or by transforming the equation into one
having a known solution, In this study, Equation (23) will be transformed
into another equation which has a known solution and an inverse transformation
will be used to obtain the desired solution., Using the transformation

=8/

P(y) =e

24(6)

§ = yn¢ /8

Equation (23) can be written as (see Appendix II)

52 ":‘gé“) /2 -6 B (E+I8) 5 - 0 L)
4 /3
Letting
. /B + 4A
2 /B

then Equation (24) becomes

2
52938 4 2 - 5 BB By -0 (25)

Equstion (25) is a confluent hypergeometric differential equation (reference 5)

of the fom

x2y" + (c - x) -ay =0 (26)

The general soluticn to Equation (2£) is

v(§) = Klvl(d) + K2v2(6) 27

10
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where
vy (6) = 171(92" %"6)
and
vy(6) = 61127 (B + 3:3;6)
The symbol 11 is the hypergeometric function and is defined as

°Z° (a)_x"
F,(ajc;x) = 1 + ———
1"1 nel (c)nn!

The terminology (a)n and (c)n are factorial functions defined as
(A)n = A(A+1) (A+2) ... (A4n-1), forn > 1

(A)° =] for A¢ 0
and

(A)o-OforA-O

where A is any number.
By sulatituting Equation (27) into Equation (16) and letting
32 = §/F

the general solution of Equation (23) is

BZnZ

2
F(y) = e (K + Ky, |

The hypergeometric funct.ons Fxl(n) and sz(n) and its derivatives can now be

written as

11

(28)

(29)

(30)

(31)

g P
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. (Zn)(%- BZnnZn-l
RO ICES) (32)
xl ns}l (%) n!
'f (h_';.l_)n g2np2n-1
F_o(n) =8n |1+ (33)
x2 n«l (%) n!
n
® (2n+1)(ﬁ2-) g2n+lp2n
Fy(n) =8+ ) 3 (34)
n=1 (—2-) n!
n

Substituting Equation (30) into Equation (16), the electric field in the plasma
is given by

- ﬁg—;ﬁ [ jkozsine

Ex(y.z) = e Kll-‘xl(n) + Kzsz(n)] e (35)

The magnetic fields can be obtained from Equations (14) and (15)

g2n2
e— & 2 ¢
Hz = - -—3;;:- B<n [ 1 l(ﬂ) + K F XZ(H)]
-jkozsine
- [xFdo + KF 5 ] | e (36)
Bl
k sint - an - —jkozsine
Hy - - o e [KlFxl(n) + Kzsz(n)J e (37

12
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SECTION V

TRANSMISSION AND REFLECTION COEFFICIENTS

For a plane wave impinging on a plasma slab as in figure 1, the electric

and magnetic field can be described by the following equations (reference 7;:

For
y<o
—jko(y cos® - z sind) jko(y cos6 + z sind)
E (y,z) =E e +E e (38)
k_cos® { -jko(y cosé ~ z sinf)
Hz(y,z) = -E; e
0
jko(y cos® + z cosf) ‘
+Ep e . A (3?3
For
y 2 2y,
—jko(y cosb - z sind)
E (y,2) = Ep e (40)
kocose jko(y cosB - z sind)
Hz(y,z) o = g -ET e (41)

&)

The boundary conditions at y = U can be applied by equating Equation (38) to
Equation (35) and Equation (36) to Equation (39), and noting that at y = O,
n=y,- This will give

Bzyg

2 |
e Epme [ KR () * Kf(y,) | e

13
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e
Byt Eg - ik cos® 382370 [Klrxl(-yo) + 1(ZI?xZ(-yo) ]

+ [Klin(_yo) + KZFxé(-yo) ] t (43)

The hypergeometric functions Fxl(n) and Fxé(n) of Equations (31) and (34) are
even functions of n. in(n) and sz(n) of Fjuations (32) and (33) are odd

functions of n. Therefore,

2
EI + ER =€ [KlFxl(yo) - KZFXZ(yo) ] (44)

. s
—EI + ER = jkocose ) Bzyo [KlFxl(yO) - KZFxZ(yo)J

] ) [Klin(yo) - KoFxa(Yo) ] i (45)

14
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The boundary conditions at y = 2y can be applied b; equating Equation (35) to
] y By

Equation (40) and Equation (36) to Squation (41), and noting that n = Yo
This will give

Bzyg
-2jk°cose -3
Ey e - e [Klrxl(yo) + K,F (¥) ] (46)
BZy2
-2k cos6 e- 2 R
ET ¢ = jkocose B“yo [Klrxl(yo) + KZFxZ(yo) ]
- [Klpxi(yo) + KZin(yo)] (47)

Subtracting Equations (46) and (47) gives

8%, \ , Fxil(%)
X Fxl(yo) 1- jk cos® jk cos®

2 '
_ 8 Yo Fxl(yo) =0 (48)
jk _cos? jk cos®
o / o

+ Ry Folyg) | 2

The ratio KZ/K1 can be written as

56 ) FilYo)

Fxl(yo) (1 - jkocose

K jk_cos®
K_Z . 7 = S (49)

1 F Yo -1 _ x2(yo)

x2(Yo) | K _cos? 3k _cos®

15
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Solving for E_ end F‘R from Equations (42) and (43) gives

I

ngO ) FXJ'. (yO )

i B K 51 l?xl(yci) (1 - 1k cosd - jk cosd

(51)

%0\, Exzl%)
- KZ FxZ(yo) (1 - jkocose )+ jkocose (50)

L
Bzyo ) FxZ yo

jkocose jkocose

Adding Equations (50) and (51) to Equation (48) gives

B2y F '(y )
o x1\’o
EI = 1(1 Fxl(yo) (l - jkocose ) + jkocose (52)
K B2y K, F '(y )
E, = K, F (Y 2 o _2 x2Vo
s + xl( °) T K FxZ(yo) jk _cos® *X jk cos® (53)
1 o 1 %
Solving for E; in Equations (46) and (47) gives
2 '
. jZkocose " . Ly B Yo ) Fxl(y_g_)_
T 1 | "x1(¥o) 3 _cost 1k _cosb

16
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B2y F ) e
+ K2 sz(yo) (1 + j—gai;-é) o 3{-_2.;(5:_3 ~ 2 (54)
)
Adding Equation (54) to Equation (48) gives )
2k ] K Bzyg
E'I‘ = ej o K1 Fxl(yo) + ff FxZ(yr \ e- 2 (55)

The power reflecticn and transmission coefficients are defined by, respectively,

2
and R =

E 2

R
By

= =™
-

Dividing Equations (54) and (53) by Equation (52), the power transmission and

reflection coefficients are given by, respectively,

K 2
Fxl( yo) 1 x2 (yo)
T= 62y . S
(1 jk cose) (yo) jk cose xl(y )
B%y K 2
Fave) - e & | Belve) * Tiokows Sal)]
R = 82}’0 - (57)
(1 - W) Fxl(yo) + jkoco.é_e in(yo)
17
O
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SECTION VI

RESULTS AND CONCLUSIONS

The power transmission and reflection coefficients were programmed for a
CDC-6600 Digital Computer., The approximation of a parabolic electron density
distribution for a rectangular glow discharge tube was checked and the results
are shown in figure 3, The experimental points were obtained by personnel at
McDonnell Adrcraft Corporation (reference 4)., The transmission and reflection
coefficients were also calculated using a numerical technique, after the
electron density distribution was obtained from Langmuir probe measurements,

As can be gseen in figure 3, the parabolic electron density approximation agrees
very cloeely with the experimertal results and the results obtained by the

numerical method.

The power transmission and reflection coefficients are plotted as a
function of signal frequency, collision frequency, slab thickness, and angle of
incidence in figures 4 through 11, Some general conclusions of the electro-

magnetic transmission properties of a parabolic plasma slab are

a. The plasma becomes more transparent to electromagnetic signals as the

signal frequency, in radian, increase above the peak plasma frequency (figure 4);

b, For a plasma with collision frequencies lower than the peak plasma
frequency, the reflection coefficient changes abruptly when the signal frequency
in radian equals the peak plasma frequency (figure 5). Therefore, the peak

%)

electron density of a parabolic plasma, with < 2, can be determined

from reflectometer measurements;

c. When the collision frequency is much higher than the peak plasma
frequency (greater than 1i0), the transmission coefficient is independent of

the signal frequency (figure 6);

d. For a given plasma thickness, the transmission coefficient is greater

for higher signal {requency (figure 10);

e. The plasma becomes more opague to the electromagnetic signal as the

angle of signal incidence ir reases (figure 11);

18
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f. The transmission and reflection coefficients for the parabolic electron
density case behave in a manner similar to the homogeneous plasma case, when
the electron density, colligion frequency, signal frequency, thickness and
angle of incidences are varied, However, the reflection coefficient of a
homogeneous plasma is somewhat higher because of the sharp changes in the

boundaries,

19
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APPENDIX I

SOLUTION 10 THE WAVE EQUATION USING SEPARATION OF VARIABLES

The wave equation is

32E_(y,z) 3%E_(y,2)
X X
3 + 72 + kgnz(y) Ex(y,z) =0

ay
Let
Ex(y,z) = Fxl(y)Gx(Z)
Substituting into Equation (I-1) and dividing by Ex(y,z) glves

2 2n

1 ] Fxl(y) N 1 3 ux(Z)
= 7

F o) 3y G (z) 322

+ kgnz(y) = 0

Rearranging Equation (I-3)

2 2
1 3 in(y) . Kn2(y) = - 3 Gxiy)
F a0 3y o G (y) 3z
Let
d26_(z)
X = -k? = a constant
Gx(y) dz? z

We get two independent differential equations

2
1 d Gx(z)
2
G (2) dy

+k2=0
z

2
1 d°F 1 ()
2

+ k2n2(y)-k2 = 0
Fa () dy S

29
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The solution to Equation (1-6) is

4k 2
G, (z) = Ke z (1-8)

From the geometry shown in figure 1, kz - —kosine.

If the condition is made that the wave propagstes in the negative z-direction,
the positive sign of the exponent can be dropped (reference 7). The solution

to Equation (I-7} can now be written as

jkozsine
Gx(z) = Ke (1-9)

Substituting the solution for Gx(z) of Equation (I-9) intc Equatic. (I-2)
will give g

jkozsine
E (y,2) = F (y)e (1-10)

VORI NSRRI Shpp

e o m g
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APPENDIX II

TRANSFORMATION INTO A CONFLUENT HYPERGEOMETRIC EQUATION

Equation (23) is

szx(y)
= i UL Bn?] ¥ (y) = 0 (11-1)
Let
-s/2
F) =e o2 v
and
§ = yn2 V¥
Using the chain ruie for differentiation
ar dF
dé
afx = EG_X E (11-2)
dF_ °
-6/2 | dv(é)
Ea_x_ = e [ XG = ‘%‘ V(G)] (II'3)
%% = -y1/2241/2p1/4 (11-4)
dF, -8/2 dv(s) 81/2
7 C -281/%41/2¢ §1/2 S22 - o v(8) (11-5)
31
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L

Once more applying the chain rule

dF
x d x )| dé
- =— —_ ) == 11-6
dy? = d§ (dY)dY Gt

dF 2 -1/2
4 f_x ). _op1/ug1/2 | g1/2 498 L1 _ <172} dv(8)
(dY) 281744172 1 & <1<52+(26 s s

+ %’(51/2-5'1/2 ) v(s) | e8/? (11-7)
|
r, 1/2 d2v(s 1 av(s) . 1 -5/2 | |
52— - IOB j () —'d—G(Tz‘ + -2' = 6 a6 -+ Z‘ (6-1) V(6) e ! ‘

(I1-8) ‘

Substituting Equation (II-8) and the expression for Fx into Equation (23) and
noting that gn? = -j/ﬁ‘ §, glves !

2
Gddzgé! + (%_ 6) i:;_éﬁ_)__ ( _@;"_ﬁ.)vgg) = 0 (I1-9)

o
Now, let
. /B + 4A
2/8
and Equation (II-9) tecomes
8d2v(6) { av(é) _h
dd<v (6 1 dv (s .
2 +(2—6) r; —zv(é) 0 (11-10)
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